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16:25 - 16:50  M. A. Zambrowska: Geometria w pierwszych latach szkolnej edukacji. Wybrane 
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Chairman: M. Lachowicz 
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15:25 - 16:05 J. Chudziak: Positive homogeneity of the principle of equivalent utility 

Chairman: J. Chudziak 

16:15 - 16:55 M. Golasiński: Harmonic polynomials and polynomial maps of spheres 
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12:05 - 12:45 (+4.5) S. Ponnusamy: The Bohr inequality for the generalized Cesàro averaging operators 

12:55 - 13:35 A. Wolny-Dominiak: Risk premium in property/casualty insurance - statistical approach 

Chairman: S. Ponnusamy 

13:45 - 14:25 J. Zając: Extremal problems for harmonic mappings with boundary normalization. 
Applications 

14:35 - 15:15 D. Partyka: A simple deformation of harmonic mappings 

Chairman: J. Zając 

15:25 - 16:05 (-6) O. Ahuja: The Wonderful World of Quantum Calculus and Rapid Growth of the q-
Disease in Geometric Function Theory 
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(Organizers: S. Domoradzki and R. Długosz) 

16:15 - 16:55 M. Bečvářová: Women and Mathematics at the German University in Prague 

17:05 - 17:30 P. Błaszczyk: Axioms for Euclid’s theory of proportion 

17:40 - 18:05 M. Zarichnyy: Topologia we wpisach z Księgi szkockiej 

18:15 - 18:40 J. Koroński: Irena Łojczyk-Królikiewicz (1922-2019) w kontekście krakowskiej szkoły 
nierówności różniczkowych Jacka Szarskiego (1921-1980) 

18:50 - 19:15 M. Wenderlich: Doświadczenia krystalizujące w rozwijaniu uzdolnień matematycznych 
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19:25 - 19:50 S. Domoradzki: Wspomnienie o śp. Dr Danucie Węglowskiej (1942-2020) 

Section - Applied mathematics 

Chairman: K. Kołowrocki 

16:15 - 16:40 B. Magryta: Safety and cost optimization of port and maritime transportation systems 

16:45 - 17:10 E. Dąbrowska: Probabilistic approach to prediction of maritime oil spill movement 

17:15 - 17:40 M. Torbicki: Modelling critical infrastructure safety impacted by climate-weather change 
process 

17:45 - 18:10 (+1) M. Kolev: On some applications of mathematical models in biology and medicine 

Chairman: M. Kolev 
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18:50 - 19:15 (+1) I. Nikolova: Analysis of autoimmune diseases by mathematical models 
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Plenary lectures 

Chairman: S. K. Lee 

09:00 - 09:40 (+8) N. E. Cho: Various suffcient conditions for carathéodory functions 

Chairman: N. E. Cho 

09:50 - 10:30 (+4.5) V. Ravichandran: A survey on univalent functions with fixed second coeffcient 

  



Section - Complex analysis, II 

Chairman: A. Swaminathan 

10:40 - 11:05 (+8) Y. J. Sim: Bounds for the fifth coefficients of analytic functions 

11:10 - 11:35 (+4.5) M. Sharma: Higher Order Differential Subordination for the functions with positive real 
part using Admissibility Techniques 

11:40 - 12:05 (+4.5) S. Anand: Certain estimates for a unified class of normalized analytic functions 

Chairman: V. Ravichandran 

12:15 - 12:40 (+4.5) S. Kumar: Differential subordination for certain Carathéodory functions 

12:45 - 13:10 (+4.5) K. Sharma: Radius of starlikeness for two classes of analytic functions 

13:15 - 13:40 (+4.5) A. Sebastian: Radius of starlikeness of certain classes of analytic functions 

13:45 - 14:10 (+4.5) S. Malik: Radius of starlikeness for Bloch functions 

Chairman: S. Sivasubramanian 

14:20 - 14:45 (+4.5) S. Kavitha: Coeffcient estimate results for few subclasses of analytic functions involving 
subordination 

14:50 - 15:15 (+4.5) L. Wani: Radius constants for functions associated with a limacon domain 

15:20 - 15:45 (+4.5) M. Ahamed: Uniqueness result of meromorphic functions and some shared value 
problems 

Chairman: D. Partyka 

15:55 - 16:20 (+2) A. Khalfallah: Some properties of mappings admitting general Poisson representations 

16:25 - 16:50 I. Matychyn: On optimal control of linear fractional differential equations with variable 
coefficients 

16:55 - 17:20 E. Trybucka: On a new result for a family of even holomorphic functions of several 
complex variables 

17:25 - 17:50 M. Parol: Kaplan classes for polynomials with all zeros on unit circle 

Section - Computer science 
(Organizer: P. Artiemjew) 

Chairman: P. Artiemjew 

14:45 - 15:05 A. M. Zbrzezny, A. Zbrzezny: Checking MTL Properties of Timed Automata with 
Dense Time using Satisfiability Modulo Theories 

15:10 - 15:30 G. Białoskórska for A. Niemczynowicz, R. Kycia: Bayesian compression for 
categorical data)  

15:35 - 15:55 K. Pancerz: Classification Strategies in Classification and Prediction Software System 
(CLAPSS 

16:00 - 16:20 J. F. Peters: Amiable Fixed Sets. Extension of the Brouwer Fixed Point Theorem 



16:25 - 16:45 Z. E. Csajbók.: Rough Continuity in the View of Intuitionistic Fuzzy Sets 

16:50 - 17:10 S. K. Tadeja, D. Janik, P. Stachura: Object Assembly Assisted with Augmented Reality 
Interface and QR-Based Tagging : An Early Stage Report  

17:15 - 17:35 B. Staruch, B. Staruch: Parametrized family of similarity-based classifiers  

17:40 - 18:00 R. Kycia, A. Niemczynowicz: Landauer’s principle in multivalued logic.  

 
*** 

18:10 - 18:25 Closing 
*** 
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Om AHUJA

Department of Mathematical Sciences, Kent State University (Ohio, U.S.A)

The Wonderful World of Quantum Calculus and Rapid Growth
of the q−Disease in Geometric Function Theory

The study of 300 years old history of quantum calculus or q−calculus, since the studies of
Bernoulli and Euler, is often considered to be one of the most di�cult subjects to engage in
mathematics. Nowadays, there is a rapid growth of activities around q−calculus due to its
applications in various �elds such as mathematics, mechanics and physics. The history of study of
q−calculus may be illustrated by its wide variety of applications in quantum mechanics, analytic
number theory, theta functions, hypergeometric functions, theory of �nite di�erences, gamma
function theory, Bernoulli and Euler polynomials, Mock theta functions, Combinatorics, umbral
calculus, multiple hypergeometric functions, Sobolev spaces, operator theory, and more recently
in the theory of analytic and harmonic univalent functions. In q−calculus, we are generally
interested in q−analogues that arise naturally, rather than in arbitrarily contriving q−analogues
of known results. While focusing on excitement and romance with development of q−calculus
and its applications, this presentation will also look at our recent results of q−calculus in the
theory of analytic and harmonic univalent functions

References

[1] O. P. Ahuja, A. Çetinkaya, Connecting quantum calculus and harmonic starlike functions, Accepted for
publication in Filomat, 2020.

[2] O. P. Ahuja, A. Çetinkaya, O. Mert, Salagean-type harmonic multivalent functions de�ned by q−di�erence
operator, Accepted for publication in Stud. Univ. Babe³-Bolyai Math. 2020.

[3] O. P. Ahuja, N. Bohra, A. Çetinkaya, S. Kumar, Univalent functions associated with the symmetric points
and cardioid-shaped domain involving p, q)−calculus, Accepted for publication in Kyungpook Math. J. 2020.

[4] O. P. Ahuja, S. Sivasubramanian, A. Çetinkaya, On Brannan and Clunie's Conjecture and related coe�cients
problems for functions de�ned by q−di�erence operators, Submitted for publication, 2020.

[5] O. P. Ahuja, A. Çetinkaya, N. K. Jain, Analytic functions with conic domains associated with certain gener-
alized q−integral operator, Submitted for publication, 2020.

[6] O. P. Ahuja, A. Çetinkaya, R. Kumar, Partial sums of generalized harmonic starlike univalent functions
generated by a (p, q)−Ruscheweyh-type harmonic di�erential operator, Submitted for publication, 2020.

[7] O. P. Ahuja, A. Çetinkaya, Use of Quantum calculus approach in mathematical sciences and its role in
Geometric Function Theory, National Conference on Mathematical Analysis and Computing 2018, AIP Con-
ference Proceedings, 2095, 020001, 2019; https://doi.org/10.1063/1.5097511.

[8] O. P. Ahuja, A. Çetinkaya, N. Bohra, On a class of q−bi-univalent functions of complex order related to
shell-like curves connected with the Fibonacci numbers, Honam Mathematical J. 42 (2020), no. 2, 319�330.

[9] O. P. Ahuja, S. Anand, N. K. Jain, Bohr Radius problems for some classes of analytic functions using
quantum calculus approach, Mathematics 8 (2020), 623, 1�13.

[10] O. P. Ahuja, A. Çetinkaya, V. Ravichandran, Harmonic univalent functions de�ned by quantum calculus
operators, Acta Univ. Sapientiae, Mathematica 11 (2019), 5�17.

[11] O. P. Ahuja, A. Çetinkaya, Y. Polatoglu, Bieberbach-de Branges and Fekete-Szegö inequalities for certain
families of q−convex and q−close-to-convex functions, J. Computational Analysis Applications 26 (2019),
no. 4, 639�649.

[12] O. P. Ahuja, A. Çetinkaya, Y. Polatoglu, Harmonic univalent convex functions using a quantum calculus
approach, Acta Universitatis Apulensis 58 (2019), 67�81.

[13] O. P. Ahuja, S. Sivasubramanian, Y. Polatoglu, A. Çetinkaya, Certain subclasses of bi-univalent functions
generated by Chebyshev polynomials and q−derivative operator, Bulletin of the Allahabad Mathematical
Society 34 (2019), no. 2, 201�216.

[14] O. P. Ahuja, Recent advances in the theory of harmonic univalent mappings in the plane, The Mathematics
Student, (Indian Mathematical Society) 83 (2014), 01�31.

17



18

[15] O. P. Ahuja, Planar harmonic univalent and related mappings, J. Inequal. Pure Appl. Math. 6 (2005), no. 4,
1�18.

[16] A. Aral, V. Gupta, R. P. Agarwal, Applications of q−calculus in operator theory, Springer-Verlag, New York,
2013.

[17] S. Bulut, Certain subclasses of analytic and bi-univalent functions involving the q−derivative operator, Com-
mun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat. 66 (2017), no. 1, 108�114.

[18] J. Clunie, T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fenn. Ser. A I Math. 9 (1984),
3�25.

[19] P. L. Duren, Harmonic mappings in the plane, Cambridge University Press, 2004, ISBN 05216412173.
[20] T. Ernst, A Comprehensive Treatment of q-Calculus, Birkhäuser Basel, 2012.
[21] T. Ernst, A Method for q−calculus, Journal of Nonlinear Mathematical Physics 10 (2003), no. 4, 487-�525.
[22] N. J. Fine, Basic hypergeometric series and applications, Mathematical Surveys and Monographs, vol. 27,

American Mathematical Society, Providence, RI, 1988.
[23] M. E. H. Ismail, E. Merkes, D. Styer, A generalization of starlike functions, Complex Variables Theory Appl.

14 (1990), 77�84.
[24] F. H. Jackson, On q-functions and a certain di�erence operator, Trans. Royal Soc. Edinburgh 46 (1908), no.

2, 253�281.
[25] F. H. Jackson, On q-de�nite integrals, Quart. J. Pure Appl. Math. 41 (1910), 193�203.
[26] R. Jagannathan, K. Srivanasava, Two-parameter quantum algebras, twin-basic numbers, and associated gen-

eralized hypergeometric series, arXiv:math/0602613v1 [math.NT] 27 Feb 2006.
[27] M. Lewin, On a coe�cient problem for bi-univalent functions, Proc. Amer. Math. Soc. 18 (1967), 63�68.
[28] S. Mahmood, N. Raza, E. S. A. Abujarad, G. Srivastava, H. M. Srivastava, S. N. Malik, Geometric properties

of certain classes of analytic functions associated with a q-integral operators, Symmetry 11 (2019), 719, 1�14.
[29] K. I. Noor, S. Riaz and M. A. Noor, On q-Bernardi integral operator, TWMS J. Pure Appl. Math. 8 (2017),

no. 1, 3�11.
[30] J. P. Penot, Calculus without derivatives, Graduate Text in Mathematics, vol. 266, Springer, (2013).
[31] T. M. Seoudy, M. K. Aouf, Coe�cient estimates of new classes of q-starlike and q-convex functions of complex

order, J. Math. Inequal. 10 (2016), 135�145.
[32] H. M. Srivastava, Univalent functions, fractional calculus, and associated generalized hypergeometric func-

tions, In: "Univalent Functions, Fractional calculus, and Their Applications" (H. M. Srivatava and S. Owa,
Editors), Halsted Press, 1989, pp. 329-354, John Wiley and Sons, New York, Chichester, Brisbane and
Toronto, 1989.

Vasudevarao ALLU

School of Basic Science, Indian Institute of Technology Bhubaneswar
(Bhubaneswar, India)

The Bohr phenomenon for certain analytic and univalent functions

The Bohr phenomenon for analytic functions of the form f(z) =
∑∞

n=0 anz
n, �rst introduced

by Harald Bohr in 1914, deals with �nding the largest radius rf , 0 < rf < 1, such that the
inequality

∑∞
n=0 |anzn| ≤ 1 holds whenever the inequality |f(z)| ≤ 1 holds in the unit disk

D = {z ∈ C : |z| < 1}. The exact value of this largest radius known as Bohr radius, has been
shown to be rf = 1/3. In this talk, we discus the Bohr radius for several analytic and univalent
functions in the unit disk D.

AMS Subject Classi�cation: Primary 30C45, 30C50, 30C80
Keywords: Analytic, univalent, harmonic functions; starlike, convex, close-to-convex functions;

coe�cient estimate, growth theorem, Bohr radius.
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Swati ANAND

Department of Mathematics, Univeristy of Delhi ( Delhi, India)

Certain Estimates For a Uni�ed Class of Normalized Analytic Functions

In this note, we investigate the distortion theorem and growth theorem for the uni�ed class of
normalized analytic functions which satisfy the second order di�erential subordination f ′(z) +
αzf ′′(z) ≺ φ(z), where φ is the analytic function with positive real part and normalized by the
conditions φ(0) = 1 and φ′(0) > 0. Further, we compute an estimates on initial logarithmic
coe�cients, on inverse coe�cient and on the second Hankel determinant involving the inverse
coe�cient for such functions.

Joint work with Naveen Kumar Jain and Sushil Kumar.
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Józef BANA�

Department of Nonlinear Analysis, Rzeszow University of Technology
(Rzeszów, Poland)

The technique of measures of noncompactness in the study of solutions
of in�nite systems of integral equations

A lot of real world problems (in engineering, mathematical physics, thermodynamics, econ-
omy etc.) can be described with help of integral equations and systems of integral equations.
Particularly, some problems in question can be modelled with help of in�nite systems of integral
equations. In the present lecture we are focused on some considerations connected with in�nite
systems of integral equations. The theory of such systems is very young which is caused mainly
by the fact that the tools allowing to investigate the solvability of mentioned in�nite systems is
not su�ciently developed up to now. The main di�culty in that theory depends on the fact that
solutions of in�nite systems of integral equations are created by sequences of functions de�ned,
say, on some real interval, bounded or not.
Thus, in the study of the solvability of in�nite systems of integral equations we are forced to
establish a suitable space (Banach or Fréchet, for example) consisting of function sequences which
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contains potential solutions of the mentioned in�nite systems. Additionally, we have to choose
suitable methods allowing us to obtain existence theorems for in�nite systems integral equations.

In our talk we are going to present methods associated with the theory of measures of non-
compactness which turn out to be very convenient and fruitful in obtaining theorems on the
existence of solutions of in�nite systems of integral equations. Moreover, our approach enables
us to obtain the existence of solutions having some a priori imposed properties.

Martina BE�VÁ�OVÁ

Institute of Applied Mathematics, Faculty of Transportation Sciences
Czech Technical University in Prague (Prague, Czech Republic)

Women and Mathematics at the German University in Prague

In the �rst part, a short description of the historical background of women studies in Prague,
resp. in Czech lands (later Czechoslovakia) will be given for a better understanding of some
di�culties concerning the female studies at the secondary schools, universities and their doctoral
procedures in mathematics at the German University in Prague during its whole existence (i.e.
from 1882 until 1945).

In the second part, thanks the deep archival studies and primary sources, the detailed analysis
of the successful doctoral procedures of three women graduated in mathematics at the German
University in Prague will be presented with showing their life stories, pro-fessional activities,
mathematical interests and results and fates of their families and relatives. We will talk about
Saly Ruth Ramler married Struik (1894�1993), Hilda Falk (1897�1942) and Jose�ne Mayer born
Keller (1904�1986).

Subzar BEIG

GDC Uri, University of Kashmir (India)

Directional convexity of the convolution of harmonic mappings

Recent developments on the convexity/directional convexity of the convolution of some uni-
valent harmonic mappings including the right half-plane mappings, the vertical strip mappings
and the square mappings will be discussed. Moreover, I will discuss the directional convexity
of the convolution of harmonic mappings which are shares of odd starlike mappings or starlike
mappings of order 1/2 and have real coe�cients.
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Bayesian compression for categorical data

We present a way to encode categorical data using the Bayesian approach. Due to the massive
reduction of information, while maintaining statistical relationships, this method can be called a
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Bayesian compression. Such representation can be used as an input for a Monte Carlo generator
to increase data multiplicity. The implementation of these ideas in Python will be presented as
well as its validation. Apart from compression, such a structure can be used to build models
from data, feature extraction, and machine learning. Our results were inspired by the analy-
sis of sociological data within the NAWA project `The International Academic Partnership for
Generation Z'.

Piotr B�ASZCZYK, Anna PETIURENKO
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Interpreting book VI of Euclid's Elements

Book VI of Euclid's Elements, through its consists of 33 propositions, develops the ancient
theory of similar �gures. We provide an axiomatic account of this book by appling the area
method, as developed in (Chou et al. 1994). We also discuss an interpretation of book VI
started by Hilbert and developed further by Hartshorne.

Our principal goal is to reconstruct, both the thesis (protasis) and the proof (apodeixis) of each
proposition from VI.2 to VI.32. We show that Hilbert-Hartshorne account enables to recinstruct
only Euclid's theses. The primitive concepts of the system we adopt are: point, length of directed
segment, and signed area of triangle. They enable to interpret Euclid's line segments, triangles,
and polygons with no reference to objects such as real numbers, the measure of the area of the
triangle (Hilbert 1902, p. 62) or the area of the �gure (Hartshorne 2000, p. 205). The basic proof
technique applied in book VI is the theory of proportion, as developed in book V. We interpret
proportions as fractions, still while transforming propotion we rely only on propositions of book
V.

(Hilbert 1902) introduces proportions line segments, and a concept of the content of �guree.
(Hartshorne 2000) applies these ideas to reconstruct book VI of the Elements. Equal content
is a relation between two �gures and it allows to interpret Euclid's theory of equal �gures.
Therefore, when interpreting book VI, Hartshorne can interpret terms standing for equality of
�gures proportions of line segments. However, he cannot interpret neither terms that include:
proportions of �gures and line segments (e.g. VI.2, 20), nor porportions of �gures (e.g. VI.20, 25).
Our axiomatic account enables to reconstruct propositions VI.2 through V.32. Proposition VI.31
we adopt as an axiom. With regard to proposition V.33, we reveal an inherent inconsistency of
Euclid's theory of proportion when applied to angles.
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Univalent Harmonic Mappings onto polygons. Topology and Geometry

Univalent harmonic mappings onto polygons were �rst studied by Sheil-Small in 1989. They
may be called Sheil-Small mappings. Ever since, the vast information that we know today about
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the theory of harmonic mappings, other �elds in�ltrated into the �eld. I am going to discuss
some geometric and topological methods in this direction and use it to give a counterexample to
a conjecture.
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Various Su�cient Conditions for Carathéodory Functions

The purpose of the present talk is to provide various su�cient conditions for Carathéodory
functions and strongly starlike functions by using the results given by Miller and Mocanu, and
Nunokawa. We also give some applications to geometric function theory as special cases of the
main results presented here.
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Rough Continuity in the View of Intuitionistic Fuzzy Sets

In the mid 1990s Z. Pawlak relying on the rough set theory (RST) [12, 13, 18] originated the
study of rough calculus in his many papers [14, 15, 16, 17]. Its initial notions are the following.

A categorization of the interval I = [0, a]1 is a strictly monotone sequence SI = {xi}i∈[n]⊆R≥0,
where n≥ 1 and 0=x0<x1<. . .<xn=a. Elements of SI are called categorization points of I.

Let IS denote the equivalence relation which is generated by SI : xISy if x = y = xi ∈ SI for
some i ∈ [n]2 or x, y ∈ ]xi, xi+1[ for some i ∈ [n[. Hence, the partition I/IS associated with the
equivalence relation IS is I/IS = {{x0}, ]x0, x1[, {x1}, . . . , {xn−1}, ]xn−1, xn[, {xn}}.

The block containing x ∈ I is denoted by JxKIS . In particular, if x ∈ SI , JxKIS = {x}. If

x ∈ JxKIS = ]xi, xi+1[ , then JxKIS denotes the closed interval [xi, xi+1].

Let us de�ne the following numbers: lS(x)=max{x′∈SI |x′≤x}, uS(x)=min{x′∈SI |x′≥x}.

1Let a, b∈R (a ≤ b). [a, b] ={x ∈ R | a ≤ x ≤ b} and ]a, b[= {x ∈ R | a <x <b} denote the closed and open
bounded intervals. It is easy to interpret, then, the open-closed ]a, b] and closed-open [a, b[ intervals.

2[n] = {0, 1, . . . , n} ⊂ N is a �nite set of natural numbers. Accordingly, ]n] = {1, . . . , n}, [n[= {0, 1, . . . , n− 1}
and ]n[= {1, . . . , n− 1}.
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The number x ∈ I is exact if lS(x) = uS(x), otherwise x is inexact or rough [16]. Of course,
x ∈ I is exact i� x ∈ SI . In this context, the members of I/IS are called the rough numbers. In
addition, the categorization points in SI are called the roughly isolated points.

Let I = [0, aI ] and J = [0, aJ ] be two intervals with aI , aJ ∈ R≥0, aI , aJ > 0. Let SI , PJ be
the categorizations of I and J , where SI = {xi}i∈[n] and PJ = {yj}j∈[m] ⊆ R≥0 in such a way
that m,n ≥ 1, and 0 = x0 < x1 < · · · < xn = aI , 0 = y0 < y1 < · · · < ym = aJ .

A Cartesian coordinate system whose x and y axes equipped with SI , PJ categorizations is
called the (SI , PJ)�coordinate system or rough coordinate system for short. Any function f ∈ JI
attached to a rough coordinate system is called the rough real function.1

After all, the question is how calculus�like notions, mainly such as continuity, di�erentiation
and integration can be de�ned concerning rough real functions.

In my talk, �rst, I survey my results concerning rough continuity by the papers [7, 10]. Then, I
present some necessary and su�cient conditions for the rough continuity in terms of intuitionistic
fuzzy set theory terminology based on the papers [8, 9, 11].

Rough continuity is just as the central notion in rough calculus as the continuity in classical
real analysis.

Let I and J two real intervals with categorizations SI and PJ as they are given above.

De�nition 1 ([16]). A rough real function f ∈JI is (SI , PJ)�continuous or roughly continuous at

x∈I if f(JxKIS )⊆Jf(x)KJp . Otherwise, f is (SI , PJ)�discontinuous or roughly discontinuous atx.

f is (SI , PJ)�continuous (roughly continuous) on I ′ ⊆ I if f is (SI , PJ)�continuous at every
point of I ′. Otherwise, f is not roughly continuous on I ′.

Proposition 2. A rough real function f ∈ JI is (SI , PJ)�continuous at every x ∈ SI roughly
isolated point.

De�nition 3 ([10]). The (SI , PJ)-discontinuity of f ∈ JI is called
(1) the rough jump discontinuity of the �rst kind if it is derived from touching a straight line

segment y = yj for some j ∈ [m];
(2) the rough jump discontinuity of the second kind if it is derived from intersecting a straight

line segment y = yj for some j ∈]m[;
(3) any other type of discontinuity is called the rough jump discontinuity of the third kind.

Proposition 4. A rough real function f ∈ JI is (SI , PJ)�continuous on I if and only if f does
not have rough jump discontinuity of any kind.

In order to establish a connection between the rough real functions and the intuitionistic fuzzy
sets, the rough real functions must �rst be represented.

De�nition 5 ([7, 8]). Let f ∈ JI . The block by block, blockwise in short, (SI , PJ)�lower and
(SI , PJ)�upper approximations of f are the functions

f
←→

: I → PJ , x 7→ lP (inf f(JxKIS )),
←→
f : I → PJ , x 7→ uP (sup f(JxKIS )).

f is blockwise exact on a block if its direct images with respect to f
←→

and
←→
f are equal; otherwise

f is blockwise inexact (rough) on it. f is blockwise exact on I if it is blockwise exact on every
block; otherwise f is blockwise inexact (rough) on I.

1Let U, V be two nonempty sets. A function f is denoted by f : U → V , u 7→ f(u) with domain Domf = U
and co-domain Imf = V . In addition, u 7→ f(u) is the assignment or mapping rule of f . For any S ⊆ U ,
f(S)={f(u) | u ∈ S} ⊆ V is the direct image of S. V U denotes the set of all such functions.



24

f
←→

and
←→
f are the blockwise representation of f [7]. Although, they are de�ned point by point,

they are constant on every block, and so, the use of the phrase �blockwise� is justi�able.

According to De�nition 5 , f
←→
,
←→
f ∈ [0, 1]I , that is, they are fuzzy sets. Moreover, it is easy

to check that f
←→
≤
←→
f also holds. Hence, f IV FSbw =

[
f
←→
,
←→
f
]
forms an interval�valued fuzzy set,

and so the function pair f IFSbw =
(
f
←→
, 1−

←→
f
)
is an intuitionistic fuzzy set [1, 6].

In terms of intuitionistic fuzzy set theory, f
←→

and 1 −
←→
f are the IFS membership and non-

membership functions, π←→f =1− f
←→
−(1−

←→
f )=

←→
f − f
←→

is the IFS indeterminacy function [2, 3, 4].

The intuitionistic fuzzy set f IFSbw is derived from f with respect to a (SI , P[0,1])�coordinate
system. It is called the blockwise roughly derived intuitionistic fuzzy set.

De�nition 6 ([8]). A blockwise roughly derived IFS f IFSbw is roughly strong if f IFSbw = gIFSbw for

every such function g ∈ JI that g = f
←→

=
←→
f on the blocks where f is blockwise exact, and

f
←→

< g <
←→
f on the blocks where f is blockwise inexact.

Theorem 7 ([8]). A rough real function f ∈ JI is (SI , PJ)�continuous on I if and only if the
blockwise roughly derived IFS f IFSbw is roughly strong.

Intuitionistic fuzzy representation of rough real functions gives a opportunity to apply some
intuitionistic fuzzy methods to them. For instance, rough real functions can be compared and
ranked [5, 19], their distances can be determined [20, 21], the amount of knowledge included in
them can be measured [22].

The above outlined method can be generalized in di�erent ways. Intervals on x and/or y
axes can be covered overlapping intervals instead of partition; instead of line segments, curve
segments can be assigned to categorization points.
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Positive homogeneity of the principle of equivalent utility

Insurance contract pricing consists on assigning to any risk a non-negative real number, in-
terpreted as a premium for insuring the risk. Risks are usually represented by non-negative
bounded random variables on a given probability space. There are several methods of insurance
contract pricing. Some of them are based on explicit formulas, others are de�ned in an implicit
way. In this talk we deal with the principle of equivalent utility, introduced by Bühlmann [1].
The principle, involving the notion of a utility function, postulates a fairness in terms of utility.

Recently several authors have investigated some properties of the principle of equivalent utility
under various behavioral models of decision making under risk. In particular, Kaªuszka and
Krzeszowiec [2] introduced and investigated the principle under the cumulative prospect theory.
It turns out that the principle is monotone and translative. Another important and desirable
property of the principle is positive homogeneity, which however usually does not hold. In the
talk we are going to present a characterization of that property.
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Probabilistic approach to prediction of maritime oil spill movement

The probabilistic approach and based on it the supplemented Monte Carlo simulation method
to the oil spill domain movement investigation is proposed. A two-dimensional stochastic process
is used to describe the oil spill domain central point position. A stochastic model of the process
of changing hydro-meteorological conditions is constructed. Parametric equations of oil spill
domain central point drift trend curve for di�erent kinds of hydro-meteorological conditions are
determined. Monte Carlo prediction procedure and an algorithm of oil spill domain movement
at varying in time hydro-meteorological conditions is created.
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A problem of the Fekete-Szegö type for Bavrin's families of
holomorphic functions in Cn

Bavrin in the paper [1] considered some families of holomorphic functions in two-circle domains
in C2 which are bounded, having positive real part and which Temljakov transform Lf has
positive real part, respectively. For such functions he gave some estimates of the modulus of
m-homogeneous polynomials occurred in power series expansion of functions.

During the lecture we will give for the above families a kind sharp estimate for the pair of
homogeneous polynomials Qf,2, Qf,1, i.e., sharp estimate

µG

(
Qf,2 − λ (Qf,1)2

)
≤M(λ), λ ∈ C,

where µG is the Minkowski balance of 2-homogeneous polynomials. The estimate is a generaliza-
tion of a solution of the well known Fekete-Szegö coe�cient problem in complex plane [2] onto
the case of several complex variables.
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The victory for synchronous techniques

During the lecture we will present our experience with doing maths lessons on Lodz University
of Technology in the circumstances of forced e-learnig.

Anna DOBOSZ, Adam LECKO
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Some generalized Briot-Bouquet di�erential subordination

A generalized Briot-Bouquet di�erential subordination is presented. Applications in the theory
of ordinary di�erential equations are discussed also.
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Wspomnienie o ±p. Dr Danucie W¦glowskiej (1942-2020)

Danuta W¦glowska uko«czyªa studia matematyczne na UJ w 1964 r. i od tego» roku zwi¡zaªa
si¦ z AGH w Krakowie, gdzie prowadziªa zaj¦cia do 2020 r. Jest wspóªredaktorem naukowym
Sªownika Biogra�cznego Matematyków Polskich (2003), przygotowanie którego zaj¦ªo redak-
torom kilkana±cie lat pracy. Wspóªorganizowaªa, b¡d¹ efektywnie pomagaªa w organizacji wybra-
nych Szkóª Historii Matematyki, które zainicjowaªa dr Zo�a Pawlikowska-Bro»ek równie» z AGH.
Publikowaªa z historii matematyki. Byªa wybitnym i niezwykle odpowiedzialnym wykªadowc¡.
Wspóªpracowaªa z Komisj¡ Historii Matematyki PTM dziaªaj¡c¡ przy Zarz¡dzie Gªównym To-
warzystwa. W referacie wspomniane zostan¡ jej najwa»niejsze dokonania.
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Di�erentiability of semigroups of Lipschitz or smooth mappings

In this talk we discuss the following problem: What conditions on the semigroup elements
entail its di�erentiability with respect to t? We establish a su�cient condition for the di�eren-
tiability of semigroups of nonlinear self-mappings of a domain in a Banach space that are Lipschitz
or smooth with respect to the spatial variable. In this way we generalize the well-known result
of Reich and Shoikhet (see for example, [2, 3]) on the di�erentiability of semigroups consisting
of holomorphic self-mappings.

It turns out the problem is closely connected to geometry of the domain. At the end of the
talk, we present a conjecture inspired by the classical work [1] by Bochner and Montgomery.
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Harmonic polynomials and polynomial maps of spheres

Given a �eld K, we write K[X1, . . . , Xn] for the ring of polynomials over K in variables
X1, . . . , Xn. A map p = (p1, . . . , pn) : Km → Kn is called polynomial if p1, . . . , pn : Km → K
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are polynomial functions. The subset

Sn(K) = {(x0, . . . , xn) ∈ Kn+1; x2
0 + · · ·+ x2

n = 1}
of Kn+1 is called the n-sphere over K.

We say that a map p = (p0, . . . , pn) : Sm(K) −→ Sn(K) is polynomial if it is a restriction of
a polynomial map P : Km+1 → Kn+1.

This talk aims to present a few comments on harmonic polynomials from R[X1, X2] and on
representing homotopy classes of maps Sm(K)→ Sn(K) by polynomial maps for K = R,C, the
�elds of reals and complex numbers.

First, we show that

Proposition 1. A polynomial p ∈ R[X1, X2] is harmonic if and only if p = ReP , the real part
of some polynomial P ∈ C[Y ] for Y = X1 + iX2.

If K = R then we write Sn(K) = Sn and notice that S1 = {z ∈ C; |z| = 1}.

Proposition 2. A map p = (p0, p1) : S1 → S1 is polynomial if and only if f(z) = αzn for z ∈ S1

with some n ≥ 0 and α ∈ C. If (X1 + iX2)n = pn + iqn then polynomials pn, qn ∈ Z[X1, X2] over
integers Z are harmonic.

Remark 3. Further properties of the sequences (pn) and (qn) mimic those of Fibonacci numbers,
Mersenne numbers and others.

Theorem 4. (1) If n is odd then the element of the in�nite cyclic homotopy group πn(Sn)
corresponding to the integer k can be represented by a form of degree |k| mapping Sn to Sn;

(2) if n is a power of 2 then all polynomial maps from Sn to Sn−1 are constant.

It follows from the above that all polynomial maps sending Sm → Sn are constant if m ≥ 2n.
In view of the homotopy equivalence Sn(C) ' Sn, we may state:

Theorem 5. (1) If an element in πm−1(S2n−1) is representable by a real homogeneous polynomial
map of spheres p : Sm−1 → S2n−1 then its suspension is representable by a complex polynomial
map of Sm(C)→ S2n(C);

(2) every element in πn(Sn) can be represented by a complex polynomial map of Sn(C) for all
positive integers n.
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A uni�ed approach to Wol�-Denjoy's theorem

The classical Wol�-Denjoy theorem states that if f : ∆ → ∆ is a holomorphic mapping of
the unit disc ∆ ⊂ C without a �xed point, then there is a point ξ ∈ ∂∆ such that the iterates
fn converge locally uniformly to ξ on ∆. This theorem has been generalized over the years in
di�erent directions (see e.g. [1, 5, 6]). One of the researchers was Beardon [2] who, in particular,
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studied the Wol�-Denjoy type theorem for contractive mappings on strictly convex domains in
Hilbert metric spaces [3].

The aim of this talk is to extend Beardon's framework. We present generalizations of the
Wol��Denjoy theorem for �xed-point free nonexpansive (i.e. 1-Lipschitz) mappings in proper
geodesic spaces. In particular, we receive as special cases a few previous results for strictly convex
bounded domains in Rn or Cn with respect to a large class of metrics including the Kobayashi,
Hilbert and Thompson metrics.

The talk is based on joint work with Andrzej Wi±nicki.
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Matematycy Politechniki �ódzkiej w pocz¡tkach istnienia uczelni

W tym roku min¦ªo 75 lat od powstania Politechniki �ódzkiej. Wieloletnie starania o ut-
worzenie w �odzi uczelni technicznej zostaªy uwie«czone sukcesem 24 maja 1945 roku. W roku
akademickim 1945/46 Politechnika �ódzka obejmowaªa 3 wydziaªy: Mechaniczny, Elektryczny,
Chemiczny oraz Oddziaª Wªókienniczy, a w±ród zatrudnionych profesorów byli matematycy:
Witold Pogorzelski oraz Edward Otto. Program studiów na wszystkich wydziaªach byª 4-letni
i wykªady z matematyki byªy wspólne dla wszystkich studentów.

W wyst¡pieniu chcemy przedstawi¢ sylwetki matematyków, którzy pracowali na Politechnice
�ódzkiej w ci¡gu pierwszych 10 lat istnienia uczelni.
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Analytic and Harmonic Hardy Spaces

In 1915, G.H. Hardy published one of his seminal research article entitled �The mean value of
the modulus of an analytic function�, which motivated F. Riesz to formally de�ne the so called
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�Hardy Spaces�. Considering the applications of Hardy spaces, people started studying several
other function spaces as well. In this talk, we shall discuss about some of the applications
of Hardy spaces techniques in solving problems of univalent analytic functions and harmonic
mappings in the plane. In particular, we discuss about the Riesz - Fejér inequality for complex-
valued harmonic functions in the harmonic Hardy spaces hp for all p > 1.
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Coe�cient estimate results for few subclasses of analytic functions
involving subordination

Let A denote the class of functions of the form

f(z) = z +

∞∑
n=2

anz
n, z ∈ D, (0.1)

which are analytic in the open unit disk D = {z ∈ C : |z| < 1}. Further, denote by S,
the subclass of A consisting of functions that are analytic and univalent in D. In the present
investigation, the author introduce a new class of functions that are analytic and univalent in
the open unit disk and are subordinated to an univalent functions. For this new class, the author
obtain lower and upper bounds for the second and third order Hermitian Toeplitz determinants
for some analytic functions related to an univalent function by subordination.

Key Words and Phrases: Analytic, univalent, subordination.
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Some properties of mappings admitting general Poisson representations

The aim of this paper is twofold. Firstly, we adapt the Burgeth's spherical cap method [2, 3]
to the planar case in order to establish some Schwarz type lemmas for mappings admitting
general Poisson type representations on the unit disk. Secondly, we investigate some properties
of generalized harmonic functions, called Tα-harmonic, introduced by Olofsson [8], and we prove
a Heinz-Hethcote theorem [1, 5, 6, 7] and Landau type theorem for this class of functions, when
α > 0, see [4].
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Safety analysis of multistate ageing system with inside dependencies
and outside impacts

An innovative approach and a signi�cant for real practical applications theoretical result are
proposed for the safety analysis of multistate ageing systems that considers their components' de-
pendency and their operation processes impacts. A safety function is de�ned and determined for
a multistate ageing complex system with dependent components impacted by its operation pro-
cess. As a special case, the safety of a multistate ageing homogeneous series system is modelled
using its components' piecewise exponential safety functions. The results are applied to examine
and characterize safety of an exemplary car wheel system impacted by its wheels' dependency
and its operation process. Since there are no science and real practice in safety examination
of the complex systems without considering their ageing, inside dependences and outside im-
pacts, an innovative approach and signi�cant and breakthrough for real practical applications
new theoretical results are proposed for the safety analysis of multistate and ageing systems [9],
[11], [15]-[16], [18]-[19], [26]-[31] that consider their components' dependency [1]-[2], [10], [23] and
changing their safety parameters caused by their operation conditions [4], [9], [12]-[15], [17]-[22].
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A safety function is de�ned and determined for a multistate ageing complex system and par-
ticularly for a multistate ageing series system [15] with dependent components [1]-[2], [10] and
impacted by its operation conditions [21]-[22]. Other practically important system safety indi-
cators are proposed as well. As a special case, the safety of a series system is modelled assuming
its components piecewise exponential safety functions. The results are applied to examine and
characterize a car wheel system safety. This practically important approach to multistate sys-
tem safety analysis considers the assumption about components' degradation through departures
from the safety state subsets impacted by their dependency and by the changing the system op-
eration process as in real technical systems, components often degrade with di�erent intensity
of degradation at various system operation states. The paper is devoted to system ageing, its
components inside system dependency and its outside operation impacts and to consider them
together in system safety analysis and to show the possibility of this approach real application
in practice. The paper is organized into 6 parts, this Introduction as Section 1, Sections 2-5 and
Summary as Section 6. In Section 2, the multistate approach to ageing system safety analysis
is introduced and the safety indicators of multistate ageing systems are de�ned. In Section 3,
the safety of a multistate ageing system composed of dependent components and impacted by
its operation process is considered. The safety function of the complex multistate ageing system
with dependent components related to the system operation process impact is proposed as a main
system safety indicator. In Section 4, a new result in the form of a proposition on safety of homo-
geneous multistate ageing series system simultaneously impacted by its components dependency
and its operation process in the particular case when the system components have piecewise
safety functions is formulated and justi�ed. The applique Section 5, is devoted to the safety
analysis of the car wheel system. The results from Section 4 are applied to determination safety
and resilience indicators of the car wheel system with dependently ageing wheels and impacted
by its operation process. In Summary, the results' evaluation is done and and the perspective
for future research in the �eld considered in the paper is given. Combining the results of the
safety analysis of multistate ageing systems with dependent components [10] and the results of
the safety analysis of multistate ageing systems impacted by their operation processes [4], the
joint safety analysis of a series multistate ageing system considering simultaneously its inside
dependences and outside in�uences is performed and the new result that improves signi�cantly
the accuracy of the real system safety examination is found. As a consequence of the achieved
new results, the further research could be focused on safety analysis of multistate ageing com-
plex systems [15] and critical infrastructure networks [23], considering their ageing [15], [26]-[31],
inside dependencies [1]-[2], [10] and outside impacts [4], [12]-[22] and the use of the achieved
results to improve their safety [15], strengthen their resilience and mitigate [3] the e�ects of their
degradation and failures.
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Safety and cost optimization of maritime transportation systems

To tie the investigations of the complex technical system safety together with the investigations
of its operation the semi-Markov process model [1] can be used to describe this system operation
process [2]�[3]. This model, under the assumption on the system safety structure multistate
model [4]�[5], can be used to construct the general safety model of the complex multistate system
changing its safety structure and its components safety parameters during variable operation
process [2]�[3]. Further, using this general model, it is possible to �nd the complex system main
safety characteristics such as the system safety function, and the system mean lifetimes in system
safety subsets [2]. Having the system mean lifetimes in the system safety subsets and the system
conditional instantaneous operation costs in the safety state subsets, it is possible to change
the system operation process through applying the linear programming [6] for minimizing the
system operation cost. The model for minimizing the mean value of the system operation cost
is created and applied to the maritime ferry technical system.In this paper we de�ned optimal
safety function as well as risk function for the maritime ferry technical system. Other optimal,
practically signi�cant critical infrastructure safety indicators speci�ed also in the paper are its
mean lifetime up to the exceeding a critical safety state, the moment when its risk function value
exceeds the acceptable safety level, the critical infrastructure intensity of ageing/degradation,
the coe�cient of operation process impact on critical infrastructure intensities of ageing and
the coe�cient of critical infrastructure resilience to operation process impact [7]�[13]. Having
the system operation process characteristics and particularly the conditional total mean values
at the particular operation states over the �xed time of the system operation it is possible to
alter the system operation process through applying the linear programming [6] in order to
maximize the ferry technical system mean lifetime in the safety state subset not worse than
the critical safety state. In the paper, the model for �nding and maximizing the mean value of
the system lifetime in the safety state subset not worse than the critical safety state is created
and applied also to optimization of the maritime ferry technical system operation process. The
results are compared with the values of the maritime ferry technical system safety indicators
and costs before the optimization. The procedure of using the general safety analytical model of
complex multistate technical system related to its operation process and the linear programing
[14] is presented and applied to the optimization of the operation cost of the maritime ferry
technical system. The mean value of the considered system total unconditional operation cost is
evaluated and minimize through its operation process modi�cation. The optimization procedure
applied also to safety and resilience optimization of the ferry technical system in�uenced by its
operation process gives practically important possibility of its safety improvement through its
new operation strategy. The proposed optimization procedure can be used in operation and
safety optimization of members of various real critical infrastructures [15]-[20]. Further research
can be related to other impacts, for instance to climate-weather factors [21], and resolving the
issues of critical infrastructure safety optimization and discovering optimal values of safety and
resilience indicators of system impact by climate-weather conditions. These developments can
also bene�t the mitigation of critical infrastructure accident circumstances [22] and to improve
critical infrastructure resilience to operation and climate-weather conditions [21].
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Irena �ojczyk-Królikiewicz (1922-2019) w kontek±cie krakowskiej szkoªy
nierówno±ci ró»niczkowych Jacka Szarskiego (1921-1980)

Irena �ojczyk-Królikiewicz urodziªa si¦ 9.08.1922 roku w Warszawie w rodzinie Tadeusza
Królikiewicza (1888-1970) i Herminy z domu Wachtel (1892-1973). Rodzice Ireny �ojczyk-
Królikiewicz pochodzili ze Lwowa. W latach 1931-35 uko«czyªa czteroklasow¡ prywatn¡ »e«sk¡
Szkoª¦ im. Tymi«skiej w Warszawie, a w latach 1935-38 »e«skie czteroklasowe Gimnazjum im.
Juliusza Sªowackiego w Warszawie. W roku szkolnym 1938-39 rozpocz¦ªa nauk¦ w prywatnym
»e«skim Liceum Architektury w Warszawie. Ten etap ksztaªcenia przerwaª wybuch II wojny
±wiatowej. Irena Królikiewicz wraz z rodzin¡ przeniosªa si¦ do Mielca. Tam w latach 1939-1942
w ramach tajnego nauczania uko«czyªa Liceum Matematyczno-Fizyczne uzyskuj¡c matur¦ w
1942 r. Po maturze, w latach 1942-1945, pracowaªa w zakªadzie przemysªu drzewnego, prowad-
zonego przez jej rodziców, którzy w Mielcu posiadali ten zakªad, wytwarzaj¡cy pocz¡tkowo
meble a potem stolark¦ budowlan¡. Zakªad ten ojciec Ireny Królikiewicz zakupiª na korzystnych
warunkach jako byªy legionista. W latach 1945-1949 Irena Królikiewicz studiowaªa na Wydziale
Filozo�cznym UJ z gªównym kierunkiem matematyka. W 1949 roku uzyskaªa magisterium; pro-
motorem byª prof. Franciszek Leja. W 1946 podj¦ªa dodatkowo studia na Wydziale Architek-
tury PK. Od 1 wrze±nia 1949 do 30 wrze±nia 1951 r. pracowaªa na etacie mªodszego asystenta
w Katedrze Geometrii Wykre±lnej, któr¡ wtedy kierowaª prof. Antoni Plamitzer (1889-1954).
Nast¦pnie byªa zatrudniona na etacie asystenta w Katedrze Matematyki (na Wydziale L¡dowo-
Wodnym PK) kierowanej przez zast¦pc¦ profesora Zdzisªawa Siedmiograja (1906-1962). Za± od
1 kwietnia od 1955 do 1970 r. pracowaªa jako adiunkt w Katedrze Matematyki PK. 8 grud-
nia 1960 r. uzyskaªa doktorat na Uniwersytecie Jagiello«skim pod kierunkiem prof. Mirosªawa
Krzy»a«skiego (1907-1965). 4 marca 1968 r., ju» kilka lat po ±mierci jej mistrza naukowego
prof. Krzy»a«skiego, uzyskaªa habilitacj¦ w Instytucie Matematyki Politechniki Warszawskiej.
W konsekwencji habilitacji od 1 czerwca 1970 do 28 lutego 1991 r. pracowaªa na etacie docenta
w Instytucie Matematyki PK. 1 marca 1991 r. zostaªa mianowana profesorem PK. Od 1 wrze±nia
1988 do emerytury (30 wrze±nia 1994 r.) sprawowaªa funkcj¦ kierownika Zakªadu Analizy Matem-
atycznej w IM PK. Opublikowaªa okoªo 30 istotnych prac naukowych z teorii równa« i nierówno±ci
ró»niczkowych zwyczajnych i cz¡stkowych. Jej twórczo±¢ naukowa pocz¡tkowo dotyczyªa równa«
ró»niczkowych typu parabolicznego i powstawaªa pod kierunkiem jej promotora prof. Mirosªawa
Krzy»a«skiego. Z biegiem lat, po nagªej i przedwczesnej ±mierci Krzy»a«skiego w 1965 roku,
nawi¡zaªa równie» wspóªprac¦ z prof. Jackiem Szarskim - twórc¡ krakowskiej szkoªy nierówno±ci
ró»niczkowych (powstaªej w ramach sªynnej krakowskiej szkoªy równa« ró»niczkowych Tadeusza
Wa»ewskiego (1896-1972)), co wpªyn¦ªo na poszerzenie jej zainteresowa« naukowych o teori¦
nierówno±ci ró»niczkowych w zastosowaniu do ukªadów równa« ró»niczkowo-funkcjonalnych typu
eliptycznego i parabolicznego, gªównie nieliniowych. W tej dziedzinie uzyskªa znacz¡ce w skali
±wiata nowe wyniki naukowe. W rozwa»anych przez siebie ukªadach równa« zaprzestaªa wyko-
rzystywania warunku quasi-monotoniczno±ci, który byª de�niowany i stosowany przez innych
autorów. Irena �ojczyk-Królikiewicz wypracowaªa nowe podej±cie do rozwa»anych zagadnie«
naukowych zarówno dla równa« zwyczajnych, jak i cz¡stkowych. Na szczególn¡ uwag¦ zasªuguje
wprowadzona przez ni¡ metoda funkcji stosownych (appropriate functions). Nowo±¢ tego pode-
j±cia polega na zde�niowaniu klasy tzw. funkcji stosownych, które przy pewnym dodatkowym
zaªo»eniu (separatywno±ci) staj¡ si¦ funkcjami górnymi i dolnymi dla rozwa»anego zagadnienia.
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Jest to warunek zarówno konieczny, jak i wystarczaj¡cy do tego, by zbiory funkcji dolnych
oraz górnych byªy rozdzielone. Wynika st¡d mo»liwo±¢ efektywnej konstrukcji dwóch ci¡gów
monotonicznych jednostajnie zbie»nych, wyznaczaj¡cych w granicy jednoznaczne rozwi¡zanie
rozwa»anych problemów. B¦d¡c ju» na emeryturze nadal pracowaªa naukowo. W tym czasie
napisaªa dwie niewielkie monogra�e dotycz¡ce nierówno±ci ró»niczkowych. Zmarªa 22.07.2019
roku i zostaªa pochowana na Cmentarzu Komunalnym w Wieliczce.
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On Hankel determinants in subclasses of univalent functions

Some results on the third Hankel determinant H3,1(f) of functions f in selected subclasses
of univalent functions are presented. Particularly, the upper bound of |H3,1(f)| in the class of
functions of bounded boundary rotation is discussed.

Mateusz KRUKOWSKI

Instytut Matematyki Politechniki �ódzkiej (Lód¹, Poland)

Kilka sªów o programuj¡cych matematykach

Podczas mojego referatu podziel¦ si¦ z Pa«stwem moim kilkuletnim do±wiadczeniem z za-
j¦¢ programistycznych dla matematyków. W prezentacji postawi¦ pytanie o "najlepszy" j¦zyk
programowania dla celów matematycznych i dokonam analizy mo»liwych odpowiedzi na to py-
tanie. Mimo braku jednoznacznej konkluzji ("idealny j¦zyk programistyczny" prawdopodobnie
nie istnieje) postaram si¦ wskaza¢ te cechy, które maksymalnie uªatwiaj¡ studentom przyswojenie
podstaw programowania. Zapraszam serdecznie!

Sushil KUMAR
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e-mail: sushilkumar16n@gmail.com

Di�erential subordination for certain Carathéodory functions

In this note, we consider certain Carathéodory functions de�ned on the open unit disk which
are closely associated with the bounded regions in the right half of the complex plane. Several
inclusions between such Carathéodory functions and starlike functions are addressed. The key
tools in the proof of these inclusions are the theory of �rst order di�erential subordination and the
admissibility condition technique. As application, these inclusions immediately yield su�cient
conditions for analytic functions to be in various well-known subclasses of starlike functions.

AMS Subject Classi�cation: Primary 30C45, 30C50.

Joint work with Prof. V. Ravichandran, National Institute of Technology, Tiruchirappalli, India.
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Integro�di�erential kinetic equations and this strange world

I am going to present a theory of a class of nonlinear integro�di�erential equations
� see ([5, 6, 7]). The equations may be related to mesoscopic (kinetic) level of description.

Moreover linear integro�di�erential equations corresponding to Markov processes at the
microscopic level may be considered � cf. [1].

I will discuss the applications in

• Social Sciences: opinion formation � see [8, 9], redistribution inside a domain � see [3]),
• Economic science ([10]),
• Biology ([2]),
• Medicine ([4]).

I am going to relate self�organization processes with the possibility of blow-ups of solutions
of the nonlinear equations.
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Zalcman conjecture

In geometric function theory, one of the famous theorems is the Bieberbach conjecture. For an
analytic function f(z) = z+

∑∞
n=2 anz

n which is univalent on D = {z ∈ C : |z| < 1}, Bieberbach
[1] in 1916 conjectured that |an| ≤ n for n ∈ N. Since then, many works have been done to
prove this conjecture, and it is not until 1985 that de Branges solved it completely [2]. During
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the 70 years, as an e�ort to solve the conjecture, many other conjectures have appeared, of which
their validity would imply the Bieberbach conjecture. Particularly, de Branges proved the Milin
conjecture to prove the de Branges conjecture. With the Bieberbach conjecture solved, many of
these conjectures are solved as well. However, there are some which are still an open problem.
The Zalcman conjecture is one of them. In this talk, we will revisit this conjecture and discuss
about its development.
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Hamiltonians of Painlevé IV equation

In this talk I will speak about Painlevé equations, especially about the fourth Painlevé equation
PIV . I will discuss three di�erent Hamiltonians and Hamiltonian systems connected with PIV
(that are Okamoto's Hamiltonian, rational Hamiltonian and Kecker's Hamiltonian) and a method
how they can be matched with usage of algebraic geometry tools. I will show how that can be
done by matching surface roots on the level of Picard lattice. Moreover I will check whether our
matching is canonical.

This is a joint work with Galina Filipuk, Anton Dzhamay and Alexander Stokes.
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Valency Crietria for Harmonic Mappings of Bounded Boundary Rotation

The purpose of this talk is to investigate the valency of some classes of harmonic mappings of
bounded boundary rotation.

The results that will be presented relate to the recent works [D. Bshouty and A. Lyzzaik, Close-
to-convexity criteria for planar harmonic mappings, Complex Analysis Oper. Theory 5 (2011),
767�774], [D. Bshouty, A. Lyzzaik, and M. Sakar, Harmonic Mappings of Bounded Boundary
Rotation, Proc. Amer. Math. Soc. 146 (2018), 1113�1121], [D. Bshouty and A. Lyzzaik, A
valency criteria for harmonic mappings, CMFT 19 (2019), Issue 3, 433�454], and [T. Hayami, A
su�cient condition for p−valency of harmonic mappings, Complex Var. Elliptic Equ. 59 (2014),
1214�1222].
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Radius of Starlikeness for Bloch Functions

An analytic function f de�ned on the unit disk D belongs to the class B of Bloch functions if

f(0) = 0, f
′
(0) = 1, sup

z∈D
|f ′

(z)|(1− |z2|) ≤ 1.

We estimate the radii for f ∈ B to be a member of various known classes of analytic functions such
as the class of parabloic starlikeness, subclasses of starlike functions associated with exponential
function, cardioid, lune and a rational function. The results obtained are shown to be sharp.

The talk is based on joint work with Prof. V. Ravichandran.
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Various faces of achievement sets

The purpose of the poster is to introduce readers with achievement set, that is the set of
subsums of the series

∑∞
n=1 xn, more precisely

A(xn) =

{ ∞∑
n=1

εnxn : (εn) ∈ {0, 1}N
}

=

{∑
n∈A

xn : A ⊂ N

}
.

The poster includes some basic facts, theorems and examples related to the topic and four
di�erent faces of achievement sets:

(1) Kakeya conditions, that is how the inequalities between terms xn and tails rn =
∑∞

k=n+1 xn
a�ect the form of the set A(xn);

(2) Cardinal functions, when we count for how many di�erent ways the elements of A(xn)
are obtained;

(3) Recovering the sequence (xn), when the achievement set is known;
(4) Aspects of conditionally convergent series on the plane.
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On optimal control of linear fractional di�erential equations
with variable coe�cients

Fractional di�erential equations (FDEs) provide a powerful tool to describe memory e�ect and
hereditary properties of various materials and processes [1, 2]. While linear systems of FDEs
represent a fairly well investigated �eld of research, relatively few papers deal with linear FDEs
involving variable coe�cients. Meanwhile, models of many real-life systems and processes are
described in terms of linear FDEs with variable coe�cients, e.g. linearized aircraft models, lin-
earized models of population restricted growth, models related to the distribution of parameters
in the charge transfer and the di�usion of the batteries etc. Explicit solutions to linear systems
of di�erential equations provide basis to perform stability analysis and to solve control problems.
Analytical solutions of the linear systems of fractional di�erential equations with constant coef-
�cients were derived in the papers [3, 4, 5] and then applied to solving optimal control problems
in [6, 7, 8, 9]. Explicit solutions to linear systems of di�erential equations are usually expressed



43

in terms of state transition matrix. In the case of FDEs with constant coe�cients the state
transition matrix can be represented using the matrix Mittag-Le�er function [3, 4].

Only a few papers are devoted to solutions of the systems of FDEs with variable coe�cients and
their control. Solution to the initial value problem for a linear system with variable coe�cients
involving Caputo derivative was obtained in [10]. In [11] explicit solutions for the linear systems
of initialized [12] FDEs are obtained in terms of generalized Peano�Baker series [13]. Linear
systems of FDEs with variable coe�cients and their state-transition matrices are also discussed
in [14, 15].

This paper deals with the initial value problem for linear systems of FDEs with variable
coe�cients involving Riemann�Liouville and Caputo derivatives. For these systems solution
of initial-value problem is derived in terms of the generalized Peano�Baker series and time-
optimal control problem is formulated. The optimal control problem is treated from convex-
analytical viewpoint. Necessary and su�cient conditions for time-optimal control similar to
that of Pontryagin's maximum principle are obtained. Theoretical results are supported by an
example.
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Minimal generating set of directed unoriented Reidemeister moves

Basic way of knot (link) representation is via knot (link) diagrams. Kurt Reidemeister (1927),
James Alexander and Garland Baird (1926) independently showed that two diagrams of same
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knot can be related, up to planar isotopy, by set of three moves, today knowed as Reidemeister
Moves. Michael Polyak in [1] shows analogous sets of moves for oriented link diagrams and shows
which such set is minimal (has the least amount of moves). Piotr Suwara in [2] extends this
result to minimal generating set of directed, oriented Reidemeister moves. In this talk minimal
generating set of directed, unoriented Reidemeister Moves is shown. Ommiting orientation of
diagrams yields possibility to reduce set of moves. First set of directed, unoriented Reidemeister
Moves is presented, then it is shown that it can be reduced using planar isotopies. Later some of
the moves are shown to be generated by other moves from the set. To obtain minimal generating
set knot (link) invariants are used to show which moves are compulsory for set to be generating.
Minimality of such sets is usefull for various proofs in �eld of a knot theory.
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On kernels of Toeplitz operators

Let H2 denote the standard Hardy space on the unit disk D and let T = ∂D. For ϕ ∈ L∞(T)
the Toeplitz operator on H2 is given by Tϕf = P+(ϕf), where P+ is the orthogonal projection of
L2(T) ontoH2. It is known that the kernel of a Tϕ is a subspace ofH2 of the form KerTϕ = fKI ,
whereKI = H2	IH2 is the model space corresponding to the inner function I such that I(0) = 0
and f is an outer function of unit H2 norm that acts as an isometric multiplier from KI onto
fKI . Moreover, f can be expressed as

f =
a

1− Ib0
, (1)

where a and b are functions from the unit ball of H∞ such that |a|2 + |b0|2 = 1 a.e. on T, the

pair (b0, a) is special and

(
a

1− b0

)2

is a rigid function in H1. Then we also have TĪ f̄/f = fKI

In the recent paper [1], the authors considered the Toeplitz operator T g
g
where g ∈ H∞ is

outer. Among other results, they described all outer functions g such that KerT g
g

= KI . In the

talk we describe all such functions g for which KerT g
g

= fKI . We also discuss properties of the

kernels of Toeplitz TĪ f̄/f , where f is an outer function in H2 given by (1), I is inner such that

I(0) = 0, but (b0, a) is not special or the function f2
0 =

(
a

1− b0

)2

is not rigid.

The talk is based on joint work with P. Sobolewski, A. Soªtysiak and M. Woªoszkiewicz-Cyll.
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Classi�cation Strategies in Classi�cation and Prediction Software System
(CLAPSS)

Classi�cation and Prediction Software System (CLAPSS) [1] is a tool developed for solving
di�erent classi�cation and prediction problems using, among others, some specialized approaches
based mainly on fuzzy sets, rough sets as well as decision trees. The tool is equipped with a
userfriendly graphical interface. We present a new functionality, recently added to the tool,
concerning non-standard classi�cation strategies. The multi-class decision problems can be solved
using the following strategies: one against all, one against one, hierarchically-dichotomous. The
underlying classi�cation is performed using the selected decision tree and rule based algorithms
implemented in the WEKA system [2].
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Kaplan classes for polynomials with all zeros on unit circle

The presented results concern polynomials of the form

D 3 z 7→ Pn(z;Tn) :=
n∏
k=1

(
1− ze−itk

)
,

where N 3 n 7→ Tn := (t1, t2, . . . , tn) is an increasing sequence of values from [0; 2π) such that
t1 := 0. Complete membership to Kaplan classes of the polynomial Pn(z;Tn) was proved in
[1], expanding the result of Jahangiri [3]. This result was generalized in [2], by raising factors
1− ze−itk of a polynomial Pn(·;Tn) to positive real powers.

The presentation is based on the results obtained together with Szymon Ignaciuk.
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A simple deformation of harmonic mappings

Every complex valued harmonic function F in the unit disk D := {z ∈ C : |z| < 1} has the
unique decomposition F = H+G, where H and G are holomorphic functions in D and G(0) = 0.
Therefore, the following simple deformation of a given harmonic function F : D→ C,

D 3 z 7→ Ft(z) := H(z) + tG(z), t ∈ C,

can be de�ned. The talk is a survey of various results involving the injectivity, quasiconformality
and close-to-convexity of Ft under certain assumptions on F and t. The bi-Lipschitz property
of Ft ◦ H−1 will be also considered provided H is injective. In particular, the case will be
discussed where F is a sense-preserving harmonic mapping in D, its holomorphic part H is
injective in D and H(D) is a recti�ably M -arcwise connected domain for a certain M ≥ 1, i.e.,
for all z, w ∈ H(D) there exists an arc γ joining the points z and w in H(D) with the length
|γ|1 ≤M |w − z|. Then for all z, w ∈ D,

(1−M |t|‖µF ‖∞)|H(z)−H(w)| ≤ |Ft(z)− Ft(w)| ≤ (1 +M |t|‖µF ‖∞)|H(z)−H(w)|,

and so Ft ◦H−1 is bi-Lipschitz provided M |t|‖µF ‖∞ < 1. Moreover, the following implications
hold:

(i) IfM |t|‖µF ‖∞ ≤ 1 and G′/H ′ is not a constant function, then Ft is an injective mapping,
where µF is the complex dilatation of F .

(ii) If M |t|‖µF ‖∞ < 1, then Ft is a K-quasiconformal mapping with K ≤ 1+|t|‖µF ‖∞
1−|t|‖µF ‖∞ .

Note that H(D) is a convex domain if and only if H(D) is a recti�ably 1-arcwise connected
domain. Thus both the implications are valid with M := 1, provided H(D) is a convex domain.

James F. PETERS

Computational Intelligence Laboratory, University of Manitoba
WPG, MB, R3T 5V6 (Canada)

Department of Mathematics, Faculty of Arts and Sciences, Adiyaman University
02040 Adiyaman (Turkey)

Amiable Fixed Sets.
Extension of the Brouwer Fixed Point Theorem

Dedicated to Zdzisªaw Pawlak and Andrzej Skowron

This paper introduces planar amiable �xed point sets resulting from continuous self-maps

(csm's) fromR2 to itself and proximal planar �xed sets that result from descriptive proximally

continuous self-maps (dpc's) from a descriptive proximity space to itself. A descriptive

proximity δΦ is a relation between the descriptions of a pair of sets. Each description is
a feature vector that pro�les a nonempty set. We write A δΦ B, provided sets A and B have
matching descriptions. A nonempty set X equipped with δΦ is a descriptive proximity space.
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A f : (X, δΦ) → (X, δΦ) is a descriptive proximally continuous map, provided there is a
least one pair of nonempty sets A,B ⊂ X such that A δΦ B implies that f(A) δΦ f(B). That
is, a dpc preserves the descriptive proximity between sets. A dpc map is an extension of an
Efremovi£-Smirnov proximally continuous (pc) map introduced during the early-1950s by V.A.
Efremovi£ and Yu. M. Smirnov. A basic result in this work is that every dpc has a proximal �xed
point set. This result stems from an extension of the Brouwer Fixed Point Theorem (BFPT). A
pair of sets A and f(A) (for dpc f) are amiable �xed sets, provided f(A) δΦ A.

Yet another extension of the BFPT stems from dpc's in a cyclic group presentation of a cycle
that is a collection of path-connected vertexes, providing a rich source of �xed point sets. A
free group presentation of a cycle is a self map from a nonvoid cycle to a corresponding free
�nitely-generated group. A basic result is that the contour of every shape complex in a Whitehead
closure-�nite weak (CW) space has a free cyclic group presentation. Descriptive �xed sets and
the Betti numbers that quantify free Abelian group presentations of shapes are derived from dpc's
relative to the description of the boundary regions of the shapes. Approximate descriptive

�xed sets are derived from dpc's by relaxing the matching description requirement for the
descriptive closeness of the �xed sets. This leads to a plethora of video processing applications
in which the closeness of �xed video frame shapes is approximate rather than exact.

2010 Mathematics Subject Classi�cation. 55M20 (�xed points in algebraic topology), 54E05
(proximity structures), 11E57 (cyclic groups).

Key words and phrases. Amiable, Approximate, Brouwer Fixed Point Theorem, Continuous
Self Maps, CW Space, Cycle, Descriptive Fixed Set, Descriptive Proximally Continuous Map,
Descriptive Proximity, Fixed Point Set, Free Group Presentation, Path-Connected.
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A Survey on Univalent Functions with Fixed Second Coe�cient

The bound on the second coe�cient of normalized univalent functions de�ned in the open
unit disk leads to covering, distortion, growth and other results. In view of the importance, the
functions with �xed second coe�cient were widely studied by geometric function theorists for
over a century and has a vast literature. The study was initiated by T. H. Gronwall (1916-1920).
The extended form of the Classical Schwarz Lemma proved by M. Finkelstein (1967) is the main
foundation result in this theory. We provide a survey of the various results for these functions
when they have further geometric properties such as starlikeness, convexity or close-to-convexity.
We shall focus on the classical growth and distortions results, radius problems and subordination
theory for these functions.

The central idea behind computing the growth, distortion and radius estimates is to �nd
the bounds for the quantities |p(z)|, Re p(z), |p′(z)|, |zp′(z)/p(z)|, Re(zp′(z)/p(z)) and other
associated functionals where p varies over the class of analytic functions with positive real part
in the unit disk with p(0) = 1 and �xed initial coe�cient p′(0). This technique was employed by
several authors like K. S. Padmanabhan (1969), D. E. Tepper (1970), H. S. Al-Amiri (1971), C.
P. McCarty (1972-74), H. Silverman (1972), O. P. Juneja & M. L. Mogra (1978-84) and P. D.
Tuan and V. V. Anh (1980) to name a few.

In 2011, the classical theory of di�erential subordination by S. S. Miller and M. T. Mocanu
(1981) was extended for functions with �xed initial coe�cient. This modi�ed theory establishes
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the in�uence of the second coe�cient in certain di�erential implications associated with starlike
and convex functions with �xed second coe�cient including the well-known Marx Strohhäcker
Theorem and Open Door Lemma.
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Bohr inequalities for certain integral operators

We present sharp Bohr-type radii for certain complex integral operators de�ned on a set of
bounded analytic functions in the unit disk.
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Radius of starlikeness of certain classes of analytic functions

The class P of analytic functions p(z) = 1 + cz + · · · on the open unit disk having positive
real part is known as the class of Carathéodory functions or the class of functions with positive
real part. We consider three classes of functions de�ned using the class P and study the radii
properties. Let Φ(z) = 1/(1 + z) be a function de�ned on the unit disc D. The classes of
normalised analytic functions f that we discuss are the following: (i) f/g ∈ P and g/(zΦ) ∈ P
(ii) |(f(z)/g(z))− 1| < 1 and g/(zΦ) ∈ P (iii) f/(zΦ) ∈ P, where g is some normalised analytic
function. We shall discuss the radii of these functions to belong to various subclasses of starlike
functions like starlike functions of order α, parabolic starlike functions, and the classes of starlike
functions associated with lemniscate of Bernoulli, reverse lemniscate, sine function, a rational
function, cardioid, lune. The radii obtained for these classes of functions are sharp.

The talk is based on joint work with Prof. V. Ravichandran.
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Radius of starlikeness for two classes of analytic functions

For the class of all normalized analytic functions f on the open unit disc for which there are
normalized analytic functions g and p such that f(z)/g(z), g(z)/zp(z) and p(z) are subordinate
to
√

1 + z, we have computed radii of starlikeness of order α, parabolic starlikeness, and other
radii related to domains bounded by certain cardioid, and to the exponential function ez. Similar
results are investigated when

√
1 + z is replaced by the exponential function ez.

This is the joint work with V. Ravichandran and Rosihan M. Ali
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Higher Order Di�erential Subordination for the functions with
Positive Real part using Admissibility Technique

Let P denote the class of functions with positive real part of the form p(z) = 1 + c1z +
c2z+ · · · over D. We shall discuss various �rst, second and third order di�erential subordination
relations associated with certain functions belonging to class P using the admissibility conditions.
Su�cient conditions are obtained so that the function p, normalized by the condition p(0) = 1 is
subordinate to Janowski function, whenever ψ(p(z), zp′(z), z2p′′(z), z3p′′′(z); z) is subordinate to
(i) Modi�ed Sigmoid function, (ii) Exponential Function, and (iii) Janowski function, for some
analytic function ψ.

This is a joint work with Naveen Kumar Jain and Sushil Kumar.
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An overview of results on Successive Coe�cients of Univalent Functions

Let f be analytic in the unit disk D = {z ∈ C : |z| < 1}, and S be the subclass of normalized
univalent functions given by f(z) = z+

∑∞
n=2 anz

n for z ∈ D. We give a survey of the important
results to date concerning the problem of �nding upper and lower bounds for |an+1| − |an| when
f ∈ S, and the more signi�cant subclasses.

Let F be the inverse function of f , and be given by F (ω) = ω+
∑∞

n=2Anω
n, valid on some disk

|ω| ≤ r0(f). Similar problems for the upper and lower bounds of |An+1| − |An| are considered.

Young Jae SIM1 and Derek K. THOMAS2

1Kyungsung University (Busan, Korea)
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Bounds for the �fth coe�cients of analytic functions

Let f ∈ A, the class of normalized analytic functions de�ned in the unit disk D and given
by f(z) = z +

∑∞
n=2 anz

n for z ∈ D. We discuss a new approach, based on results in [1, 2, 3],
to �nding bounds for some functionals involving the �fth coe�cient a5. Improved bounds are
obtained for |a5| for the classes of strongly starlike, gamma starlike, and the B1(α) Bazilevi£
functions. A sharp bound for the fourth logarithmic coe�cient for the class of gamma starlike
functions is also obtained.
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Zeros and geometric properties of hyper-Bessel functions

The reality of zeros of special function plays an important role in the study of geometric
properties of such special functions. In this talk, the real and complex zeros of some special
entire functions such as Wright, hyper-Bessel, and a special case of generalized hypergeometric
functions will be discussed by using some classical results of Laguerre, Obreschkho�, Polya,
and Runckel. Moreover, some geometric properties of normalized hyper-Bessel functions will be
presented. Especially we focus on the radii of starlikeness, convexity, and uniform convexity of
hyper-Bessel functions and we show that the obtained radii satisfy some transcendental equations.
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On a class of analytic functions related to
Robertson's formula and subordination

In 1981, Robertson [10] pointed out although the class of starlike functions with respect to
order α (0 ≤ α < 1) has been explored extensively by many authors over a long period of
time, not much seems to be known about the class of analytic functions G that map a domain
D onto the open unit disc ∆ that are starlike with respect to a boundary point. However, an
extensive exploration is yet to be done on this concept. In the present talk, few classes of analytic
functions in the unit disc by modi�cation of the well known Robertson's analytic formula for
starlike functions with respect to a boundary point combined with subordination are introduced
and studied. An integral representation and growth theorem are proved. Early coe�cients and
the Fekete-Szegö functional are also estimated. The connections of the present work with those
of the earlier concepts are pointed out.
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Parametrized family of similarity-based classi�ers

We use a family of point classi�ers to predict rare events such as seismic shocks in a mine. The
point classi�er analyzes sensor readings taken at short intervals of time, takes into account speci�c
circumstances and, using similarity to previous events, determines whether a given phenomenon
will occur within a certain time, for example 10 hours. Then the sequence of values of the point
classi�ers (time series) is used to determine the probability of occurrence of the event within the
speci�ed time. The practical application of the determined probability may consist in generating
di�erent levels of warnings about the possible danger of occurrence of an unwanted event.

Toshiyuki SUGAWA

Tohoku University (Sendai, Japan)

Coe�cient estimates of the Riemann mapping functions

The celebrated Riemann mapping theorem asserts that for each simply connected proper
subdomain G of the complex plane C and a given point a ∈ G, there is a unique conformal
(equivalently, analytic) homeomorphism g : G → D such that g(a) = 0, g′(a) > 0. Here, D
denotes the unit disk |z| < 1 in the complex plane. Such a function g is often called the Riemann
mapping function of G (with basepoint a). By transforming G by the a�ne map w 7→ g′(a)(w−a)
if necessary, we may assume that a = 0 and g′(0) = 1. Then we have a series expansion of the
form

g(w) = w + b2w
2 + b3w

3 + · · ·
near the origin. Löwner [1] proved the sharp inequalities

|bn| ≤
(2n)!

n!(n+ 1)!
=

1

n+ 1

(
2n

n

)
, n = 2, 3, . . . .
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If we restrict the class of domains G, we should have better bounds. In this talk, a survey of the
results in this direction will be given and recent progress will also be mentioned.
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Some versions of the Schwarz lemma for harmonic mappings

In this talk, we present several generalizations of the Schwarz lemma for harmonic mappings.
We consider harmonic mapping f : U → U, where U = {z ∈ C : |z| < 1}. The version of the
Schwarz lemma for such mappings are known in the case f(0) = 0. Using a novelty, we obtain
appropriate results if z = 0 is not mapped to itself. Further, we give appropriate versions of
the Schwarz lemma for harmonic mappings, whereby values of such mappings and the norms
of their di�erentials at the point z = 0 are given. These results can be viewed as analogies of
the corresponding theorems for holomorphic mappings. Note that the hyperbolic metric on the
planar domains plays a crucial role in our investigations.
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Geometric Properties of Analytic Functions Associated with
Nephroid Domain

In this talk, the Carathéodory function ϕNe(z) = 1 + z − z3/3 which maps the unit circle

{z : |z| = 1} onto a 2-cusped curve called nephroid given by

(
(u− 1)2 + v2 − 4

9

)3

− 4v2

3
= 0,

and the function class S∗Ne de�ned as

S∗Ne :=

{
f ∈ A :

zf ′(z)

f(z)
≺ ϕNe(z)

}
,

where ≺ denotes subordination are considered. Apart from discussing the characteristic proper-
ties of the region bounded by this nephroid, the structural formulas, extremal functions, growth
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and distortion results, inclusion results, coe�cient bounds and Fekete-Szegö problems are dis-
cussed for the classes S∗Ne and CNe. Further, sharp estimates on β ∈ R so that the �rst-order
di�erential subordination

1 + β
zp′(z)

pj(z)
≺ P(z), j = 0, 1, 2,

implies p ≺ ϕNe, where P is certain Carathéodory function with nice geometrical properties and
p is analytic satisfying p(0) = 1 are explained. As applications, su�cient conditions for f ∈ A
to be in the class S∗Ne are established. In continuation, sharp S∗Ne-radii for several geometrically
de�ned function classes introduced in the recent past are outlined. Moreover, radii problems
related to the families de�ned in terms of ratio of functions are also exhibited with graphical
illustrations for all the possible situations. Results from other related literature are also provided.
Problems for further research are highlighted at the end.

The talk is based on joint work with Lateef Ahmad Wani.

References

[1] A. Ebadian, N. H. Mohammed, E. A. Adegani, T. Bulboac�a, New results for some generalizations of Starlike
and Convex functions, J. Function Spaces (2020), Article ID 7428648, 12 pp.

[2] W. C. Ma, D. Minda, A uni�ed treatment of some special classes of univalent functions, in Proceedings of
the Conference on Complex Analysis (Tianjin, 1992), 157�169, Conf. Proc. Lecture Notes Anal., I, Int. Press,
Cambridge.

[3] L. A. Wani, A. Swaminathan, Starlike and convex functions associated with a nephroid domain, Bull. Malays.
Math. Sci. Soc. (2020); https://doi.org/10.1007/s40840-020-00935-6

[4] L. A. Wani, A. Swaminathan, Radius problems for functions associated with a nephroid domain, Rev. R. Acad.
Cienc. Exactas Fís. Nat. Ser. A Mat. 114 178 (2020); https://doi.org/10.1007/s13398-020-00913-4

[5] L. A. Wani, A. Swaminathan, Inclusion Properties of Functions Associated With A Nephroid Domain Using
Di�erential Subordination, arXiv, 1912.06326, 17 pages.

Anna SZPILA

Uniwersytet Rzeszowski (Rzeszów, Poland)

Zdalne nauczanie w Uniwersytecie Rzeszowskim na kierunku
matematyka � przebieg, problemy, efekty

Spowodowane pandemi¡ przej±cie z dnia na dzie« do caªkowitego zdalnego nauczania postaw-
iªo przed caª¡ spoªeczno±ci¡ akademick¡ wyzwanie � w jaki sposób poprowadzi¢ ksztaªcenie, aby
uzyskane metodami na odlegªo±¢ efekty uczenia si¦ byªy zgodne z efektami zakªadanymi w pro-
gramach studiów.

W referacie przedstawi¦ drog¦, któr¡ przeszli nauczyciele akademiccy prowadz¡cy zaj¦cia na
kierunku matematyka w Uniwersytecie Rzeszowskim od tradycyjnego nauczania poprzez ko-
munikacj¦ ze studentami za pomoc¡ e-maili i udost¦pnianie wersji cyfrowej materiaªów w celu
samodzielnego zapoznania oraz zada« do samodzielnego rozwi¡zania do zaj¦¢ interaktywnych z
u»yciem narz¦dzia MS Teams i czy wszystkim si¦ to udaªo. Zaprezentuj¦ gªos studentów kierunku
matematyka oceniaj¡cych w anonimowych ankietach nauczanie na odlegªo±¢. Porównam struk-
tur¦ ocen z egzaminów w sesjach prowadzonych kontaktowo i zdalnie.

Wszystkie zaprezentowane informacje powinny pomóc w odpowiedzi na pytania: Czy zdalnie
mo»na wyksztaªci¢ matematyka? oraz Co ze zdalnego nauczania mo»na wykorzysta¢ w czasie
popandemicznym?
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The fourth-order Hermitian Toeplitz determinant for convex functions

Given q, n ∈ N, the Hermitian Toeplitz matrix Tq,n(f) of f ∈ A of the form

f(z) =

∞∑
n=1

anz
n, a1 := 1, z ∈ D := {z ∈ C : |z| < 1},

is de�ned by

Tq,n(f) :=


an an+1 . . . an+q−1

an+1 an . . . an+q−2
...

...
...

...
an+q−1 an+q−2 . . . an

 ,
where ak := ak. Let |Tq,n(f)| denote the determinant of Tq,n(f).

Let Sc denote the class of convex functions, that is, univalent functions f ∈ A such that f(D)
is a convex domain in C. It is well know that a function f ∈ A is in Sc if and only if

Re

{
1 +

zf
′′
(z)

f ′(z)

}
> 0, z ∈ D.

In recent years a lot of papers has been devoted to the estimation of determinants built with
using coe�cients of functions in the classA or its subclasses. Hankel matrices i.e., square matrices
which have constant entries along the reverse diagonal (see e.g., [3] with further references), and
the symmetric Toeplitz determinant (see [1]) are of particular interest.

In [4] the conjecture that the sharp inequalities 0 ≤ |Tq,1(f)| ≤ 1 for all q ≥ 2, holds over
the class Sc was proposed and was con�rmed for q = 2 and q = 3. Our purpose is to prove this
conjecture for q = 4.

This presentation is based on joint work with A. Lecko and Y. J. Sim.
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Object Assembly Assisted with Augmented Reality Interface and QR-Based
Tagging: An Early Stage Report

Augmented Reality (AR) is one of the most promising branches of the so-called immersive
interfaces. It allows for the digital content to be superimposed on the real view of the user
presented on a screen of a mobile device, or with the help of specialized AR goggles. In the
case of the former, typically the view captured by the front camera of a smartphone or a tablet
is streamed on the device screen with superimposed digital artifacts, whereas goggles present
the digital content on top of semitransparent glasses. Usually, by such content, we understood
3D shapes or models that the AR user can perceive as �real� objects immersed in the same 3D
space surrounding the user. AR technology has a wealth of potential applications in both the
industry and academia alike. These include, for instance, complex engineering tasks such as the
design engineering or manufacturing and assembly processes. Furthermore, more and more use
cases are being currently recognized where such technology can be successfully utilized to bring
the most bene�ts to all the stakeholders. However, due to its novelty, there is still a range of
obstacles that have to be overcome in order the ful�ll the promise bestowed by AR technology.
One such issue is the selection of the most expedient way in which the user can interact with real
objects with the help of AR. To this end, we will present a system the combines the immersive
interface o�ered by the state-of-the-art AR goggles coupled with QR-based tagging. The QR
codes, developed for the purpose of fast and reliable readout in the industrial setting, seems to be
a promising tool for facilitating interaction between the AR system, its user, and the real objects.
Here, we will present an early stage report from the work concerning the use of AR goggles and
QR codes in the simpli�ed assembly task for teaching the trainee how to put together a locker.

Mateusz TORBICKI

Gdynia Maritime University (Gdynia, Poland)

Modelling critical infrastructure safety impacted
by climate-weather change process

The paper is devoted to modeling and evaluating the critical infrastructure safety a�ected
by extreme weather conditions using theorems related to the complex systems safety and semi-
Markov processes. The changing weather conditions create the climate-weather change process
(considered as the semi-Markov process) in�uencing on the critical infrastructure assets and its
safety. The climate-weather change process parameters are de�ned and its characteristics are
presented. The indicators re�ecting the impact of the climate-weather change process on the
critical infrastructure safety and resilience are proposed. Moreover, the safety and resilience
analysis of the real critical infrastructure which is the port oil terminal critical infrastructure
in�uenced by the climate-weather change process at its operating area is conducted on the basis
of the introduced approach.
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Estimates of coe�cient functionals for functions convex in
the imaginary-axis direction. Part I, II.

Let A be a class of functions of the form

f(z) = z +
∞∑
n=2

anz
n

which are analytic in the open unit disk ∆ = {z ∈ C : |z| < 1}. Let S∗ denote the subclass of A
consisting of starlike functions. Let KR(i) be the subclass of A consisting of functions convex in
the direction of the imaginary axis and having all real coe�cients.

Given that β ∈ (−π/2, π/2) and g ∈ S∗, a function f ∈ A is called close-to-convex with
argument β with respect to g, if

Re

{
eiβzf ′(z)

g(z)

}
> 0, z ∈ ∆. (1)

The class of all functions satisfying (1) is denoted by Cβ(g).
In this paper we consider the subclass C0(h) of close-to-convex functions Cβ(g), where

h(z) =
z

1− z2
, z ∈ ∆.

It follows from the de�nition of Cβ(g) that

f ∈ C0(h)⇔ Re{(1− z2)f ′(z)} > 0.
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In this paper, we �nd bounds of the three following functionals

Fn = an+1 − an, Gn = (n+ 1)an+1 − nan, Sn = 1 + a2 + a3 + · · ·+ an

for functions from C0(h). The bounds depend on the second coe�cient of f ∈ C0(h). For
f ∈ C0(h) we also derive bounds of the coe�cient an providing that a3 is �xed. The obtained
results are sharp (see, [1]).

Remark. If f ∈ C0(h), then f is convex in the direction of the imaginary axis. Moreover, if all
coe�cients of f are real, then

f ∈ C0(h)⇔ f ∈ KR(i).

For this reason, we can transfer the obtained results for C0(h) onto the class KR(i).
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On a new result for a family of even holomorphic functions
of several complex variables

In the presentation we will consider some properties of a family K−G of holomorphic functions
de�ned on bounded complete n-circular domain G of Cn by the evenness (see [3]). For instance,
we remind some relationships between K−G and a few families, investigated by Bavrin (see [1]).
We will present also some properties of this family, like as: the growth and distortion type
theorems for f fromK−G and the estimates of Minkowski G-balances of homogeneous polynomials

which occur in power series expansion of f from K−G . The central point of the lecture makes a

generalized version of the planar Fekete-Szegö coe�cients problem for the family K−G (cf. [2]).
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Coe�cient inequalities for certain classes of univalent functions

In recent time, the problem of �nding upper bound, preferably sharp, of the Hankel determi-
nant, Zalcman conjecture and Generalised Zalcman conjecture for classes of univalent functions,
is being rediscovered and attracts signi�cant attention among the mathematicians working in the
�eld. In that direction, this presentation will provide some new and improvements of existing
results for the class of starlike functions and some of its subclasses. For the proofs we reveal
some results of Prokhorov-Szynal ([1]) and Grunsky ([2]).
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Gªówne problemy edukacji wy»szej w zwi¡zku z wprowadzeniem
peªnego ksztaªcenia zdalnego

Badania sonda»owe przeprowadzone po caªkowitym przej±ciu na ksztaªcenie zdalne (w zwi¡zku
z pandemi¡ COVID-19) pokazaªy, i» przed edukacj¡ stoi prawdziwie trudne wyzwanie: jak od
tradycyjnie rozumianej alfabetyzacji przej±¢ do alfabetyzacji funkcjonalnej czªowieka nowej gene-
racji, tzw. homo interneticusa, który wierzy jedynie w moc swojego smartfona podª¡czonego do
sieci, i jak dot¡d pozostaje zadowolonym analfabet¡ funkcjonalnym1?

W artykule przedstawi¦ trzy gªówne problemy zwi¡zane z wirtualn¡ edukacj¡ wy»sz¡,
które s¡ charakterystyczne dla osobowo±ci homo interneticusa: utrata to»samo±ci studenta/na-
uczyciela akademickiego, akademicki efekt FOMO i rozproszenie poznawcze.

1Miliony Europejczyków czy Amerykanów mimo zako«czenia edukacji formalnej pozostaj¡ analfabetami w
±cisªym tego sªowa znaczeniu lub analfabetami funkcjonalnymi � co oznacza, »e ze zdobytej wiedzy nie potra�¡
zrobi¢ racjonalnego u¹ytku. �ródªa tego stanu rzeczy upatruje si¦ przede wszystkim w dominuj¡cej dzi± komu-
nikacji sieciowej, st¡d okre±la si¦ wspóªczesnego czªowieka mianem czªowieka podª¡czonego do Internetu, czyli
homo interneticus (internetus)
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Radius Constants For Functions Associated with a Limacon Domain

Let A be the collection of analytic functions f de�ned in D (|z| < 1) such that f(0) =
f ′(0)− 1 = 0. Using the concept of subordination (≺), we de�ne

S∗` :=

{
f ∈ A :

zf ′(z)

f(z)
≺ ϕ`(z) = 1 +

√
2z +

z2

2
, z ∈ D

}
,

where the function ϕl(z) maps D univalently onto the region Ω` bounded by the limacon curve(
9u2 + 9v2 − 18u+ 5

)2 − 16
(
9u2 + 9v2 − 6u+ 1

)
= 0.

Let Dr := {z : |z| < r} and G be some geometrically de�ned subclass of A. In this paper, we
�nd the largest number ρ ∈ (0, 1) and some function f0 ∈ G such that for each f ∈ G

Qf (Dr) ⊂ Ω` for every r ≤ ρ,

and

Qf0(∂Dρ) ∩ ∂Ω` 6= ∅,

where the function Qf : D→ C is given by

Qf (z) :=
zf ′(z)

f(z)
, f ∈ A.

Moreover, certain graphical illustrations are provided in support of the results proved in this
paper.

Keywords: Subordination, Ma-Minda type classes, radius problems, lemniscate of Bernoulli,
limacon
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Do±wiadczenia krystalizuj¡ce w rozwijaniu uzdolnie« matematycznych
polskich laureatów olimpiad mi¦dzynarodowych IMO

W swoim referacie przedstawi¦ do±wiadczenia krystalizuj¡ce maj¡ce zwi¡zek z ksztaªtowaniem
si¦ zainteresowa« matematyk¡: to znaczy takie do±wiadczenia, które "anga»uj¡ w znacz¡ce
i niezapomniane spotkanie osoby o niezwykªym talencie lub potencjalnych zdolno±ciach z tworzy-
wem danego pola, w którym talent ten mo»e si¦ ujawni¢" (Walters, Gardner, 1986). Badaniem
zostali obj¦ci polscy laureaci mi¦dzynarodowych olimpiad matematycznych organizowanych w
latach 2000-2019. Z historii matematyki wynika, »e przeªomowych odkry¢ matematycznych
dokonywali ludzie mªodzi (okres adolescencji i wczesnej dorosªo±ci). Przykªadem s¡ osi¡gni¦cia
Evarista Galois'a, Srinivasa Aiyangar'a Ramanujana, Terence'a Tao. Ma to swoje biologiczne
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podªo»e jak twierdzili M. Spitzer (2012) i D.A. Kramer (2003) w strategii rozumowania. Na-
jpierw jednak musiaª pojawi¢ si¦ jaki± imperatyw w kierunku rozwoju uzdolnie«. Celem prezen-
tacji b¦dzie przedstawienie wszystkich wydarze« przeªomowych w »yciu zdolnych adolescentów
i mªodych dorosªych, które miaªy zwi¡zek z ukierunkowaniem ich umysªów w stron¦ matematyki.
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Linear and nonlinear extensions of the Ryll-Nardzewski theorem

The Ryll-Nardzewski theorem asserts�in its basic and best-known form�that ifK is a nonempty
weakly compact convex subset of a Banach space, then any semigroup of a�ne isometries of K
has a common �xed point. A general version is much stronger and concerns the distal a�ne
systems on locally convex topological spaces.

In this talk we show a few extensions of this theorem, both linear and nonlinear, and discuss
their applications in operator theory and geometric group theory. In particular, we show how
to apply the Bader�Gelander�Monod theorem [1] concerning L-embedded Banach spaces to give
a direct proof of the derivation problem for group algebras studied since 1960s, and take a new
look at the Kadison similarity problem (see [3]) by applying the Lang �xed point theorem [2]
for isometries in L∞. We also present fully nonlinear extensions of the Ryll-Nardzewski theorem
proved recently in [6].
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Risk premium in property/casualty insurance - statistical approach

Generalised Linear Model (GLM) is a popular statistical tool now used by insurance com-
panies. The model is most often applied in risk assessment for short-term non-life insurance
schemes generating mass risk portfolios and in loss reserve prediction, particulary in ratemaking
and loss (claim) reserving. Due to the insurance data speci�city and considering the progress
made in computational techniques as well as the growing amount of information gathered by
insurers, di�erent kinds of modi�cations of GLMs are now in practical use. Zero-in�ated Gen-
eral Poisson claim frequency, overdispersion or heavy-tailed empirical claim severity distribution
are the examples here. In the �rst part of the lecture a brief overview over the GLMs and their
modi�cations used in ratemaking will be provided. After that Tweedie family of distributions
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applicable in the modeling of claim severity will be considered in detail. Next a variety of mod-
els for the count variable, which is the number of claims are presented. Considerations about
the goodness of �t of the model (AIC, BIC, deviance) and the method of comparing models
(cross-validation, bootstrapping) will end this part.

Nowadays the typical situation is to cover several LOBs in one risk, as e.g. automobile risk can
be split into TPL (third part liability), MOD (motor own damage), �re, theft and so on. In this
case, quantile premium, which captures the dependency among LOBs, can improve in practice the
determination of risk-based capital requirements for P&C insurers, setting overall risk target by
senior management, pricing of excess-of-loss reinsurance treaties or designing scenario analyses,
to name a couple of applications. In the second part of the lecture the copula-based regression
model dedicated to estimate the quantile premium for single risk in insurance covering dependent
LOBs will be presented. To obtain the premium, �rst the dependency between LOBs is captured
by the copula and second the Monte Carlo simulation is performed. Finally, some properties of
quantile premium will be analyzed. The lecture will be �nish by considerations about the new
approach in ratemaking, which is telematrics.
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Uniwersalny charakter bada« matematycznych Stefana Mazurkiewicza

W pracy chciaªbym ukaza¢ Stefana Mazurkiewicza, wspóªtwórc¦ warszawskiej szkoªy mate-
matycznej, jako matematyka uniwersalnego, który wykraczaª poza specy�k¦ warszawskiej szkoªy
matematycznej. Poka»¦, »e jego rozumienie uniwersalno±ci matematyki odbiegaªo od tego, które
byªo podstaw¡ programu badawczego Zygmunta Janiszewskiego. Widoczne jest to w zagad-
nieniach, które podejmowaª i w sposobie ich rozwi¡zywania. Imponuj¡cy jest zakres obszarów
badawczych. Poza badaniami w zakresie topologii geometrycznej (charakterystyki kontinuów
nierozkªadalnych), zajmowaª si¦ teori¡ szeregów i jej zastosowaniami (np. do hydrodynamiki)
oraz teori¡ funkcji analitycznych. Miaª znacz¡ce wyniki w zakresie bada« podstaw matematyki,
teorii wymiaru (badania topologicznego poj¦cia wymiaru i de�nicja maªego wymiaru induk-
cyjnego) oraz teorii prawdopodobie«stwa. Sformuªowaª wªasny program badawczy w zakresie
bada« podstaw rachunku prawdopodobie«stwa. Udowodniª mocne prawo wielkich liczb (nieza-
le»nie od F. Cantelliego) oraz podaª aksjomatyk¦ rachunku prawdopodobie«stwa wa»n¡ dla bada«
matematycznych, jak i �lozo�cznych. Nie mo»na te» zapomina¢ o jego wkªadzie w rozwój kryp-
togra�i. Zostaª powoªany w czasie wojny polsko-bolszewickiej jako wspóªpracownik w Biurze
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Szyfrów przy Sztabie Generalnym WP. Miaª istotny udziaª w rozszyfrowaniu sowieckich ko-
munikatów wojennych, przez caªy okres mi¦dzywojenny byª ekspertem w zakresie kryptogra�i
i prowadziª zaj¦cia na tajnym kursie kryptogra�cznym (na który ucz¦szczali, mi¦dzy innymi,
pó¹niejsi pogromcy Enigmy). Mazurkiewicz miaª te» zainteresowania poza matematyczne. Byª
znawc¡ i miªo±nikiem historii oraz literatury pi¦knej, a tak»e poet¡. W roku 1927 wydaª (wraz
z M. Duninem) Sonety patetyczne.
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Geometria w pierwszych latach szkolnej edukacji.
Wybrane programy nauki z lat 1792 � 2020

�Geometria w pierwszych latach szkolnej edukacji. Wybrane programy nauki z lat 1792 �
2020� W pierwszych latach nauki w szkole jest obecnie niewiele tre±ci zwi¡zanych z geometri¡.
Uczniowie ko«cz¡cy I etap edukacyjny w roku 2020, zgodnie z obowi¡zuj¡c¡ podstaw¡ pro-
gramow¡, powinni zna¢ nazwy niektórych �gur, dokonywa¢ pomiarów dªugo±ci, rozpoznawa¢
�gury symetryczne i to wªa±ciwie wszystko. W referacie zostan¡ omówione wybrane programy
nauki, szkolne podr¦czniki i poradniki metodyczne z lat 1792-2020 pod k¡tem zawartych w nich
tre±ci geometrycznych dla mªodszych lat nauki. Najwi¦cej tre±ci geometrycznych zawieraªy pro-
gramy nauki z lat 20 XX w. Jednak geometria umieszczona byªa wówczas nie tylko w programie
matematyki, ale te» rysunków. Uczniowie w pocz¡tkowych latach poznawali �gury pªaskie i ich
wªasno±ci, rysowali proste prostopadªe, równolegªe, k¡ty o ró»nych rozwarto±ciach i �gury pªaskie.
Obliczali pola powierzchni i obj¦to±ci. Programy te zostaªy zmienione ju» po 10 latach i geometria
niemal caªkowicie znikn¦ªa z pierwszych lat szkolnej edukacji na dªugie dziesi¦ciolecia. Aleksander
Karp przestrzega przed uleganiem mitowi �bªogosªawionej przeszªo±ci� w badaniach dotycz¡cych
historii nauczania matematyki. Poka»¦, »e je±li chodzi o nauczanie geometrii przeszªo±¢ rzeczy-
wi±cie nie byªa �bªogosªawiona� � dawniej nie zawsze byªo lepiej z nauczaniem geometrii we
wczesnych latach nauki.

Sªowa kluczowe: historia nauczania, edukacja matematyczna, geometria, dydaktyka.
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Checking MTL Properties of Timed Automata with Dense Time using
Satis�ability Modulo Theories

We investigate a new SMT-based bounded model checking (BMC) method for the existential
part of Metric Temporal Logic (MTL). The MTL logic is interpreted over linear dense in�nite
time models generated by timed automata with dense time. We implemented the new SMT-
based bounded model checking technique for MTL and as a case study we applied the technique
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to the analysis of the Timed Generic Pipeline Paradigm and Timed Train Controller System,
both modelled by a network of timed automata.
























